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 Evaluation of Full Reynolds Stress Turbulence Models in FUN3D 
for Axisymmetric Jet Flow 
Julianne C. Dudek1 
The NASA Glenn Research Center, Cleveland, OH 44135 
Two full seven-equation turbulence models available in the FUN3D code are evaluated for their 
ability to improve the computation of challenging mixing flows encountered in aerospace propulsion. 
These models are the SSG/LRR and Wilcox full second-moment Reynolds stress models.  They solve 
equations for the six components of the Reynolds stress and a seventh equation for the turbulent 
length scale.  Two standard eddy viscosity models are also evaluated for comparison, the Spalart-
Allmaras (SA) one-equation model and the Menter Shear Stress Transport (SST-V) two-equation 
turbulence model.  Flow through an axisymmetric reference nozzle is examined at three flow 
conditions: subsonic unheated, subsonic heated, and near sonic unheated.  Centerline profiles of 
velocity and turbulent kinetic energy and radial profiles of velocity, turbulent kinetic energy and 
turbulent stresses are examined.  Results showed that the SA model did well at predicting the jet 
potential core length, but over-mixed the downstream flow, whereas the SST-V model over-predicted 
the potential core length. The Wilcox-model significantly over-predicted the potential core length and 
under-predicted the mixing and was not well-suited for the jet flows evaluated, however the 
SSG/LRR Reynolds stress model did well at predicting the mixing rate and mean velocity for all cases 
examined. 
Nomenclature 𝑎"#$ = Reynolds-stress anisotropy tensor 
b = mixing layer thickness 𝐶#, 𝐶#∗ = coefficients of the Speziale-Sarkar-Gatski model 𝐶(# = coefficients of the Wilcox RSM pressure-strain model 𝐶)  = equilibrium parameter 
D = Reynolds stress diffusion coefficient 𝐷#$ = specific diffusion tensor 
d = distance to nearest wall point 𝐹, = Menter’s blending function 𝑘. = specific turbulent kinetic energy 
Ma = Acoustic Mach number, 𝑀0 = 𝑢$34 𝑎536⁄  
Mjet = jet Mach number, 𝑀$34 = 𝑢$34 𝑎$34⁄ℳ#$ = turbulent mass flux tensor 𝑃#$ = specific turbulence production tensor 
p = static pressure 
r = radial coordinate 𝑆#$  = strain rate tensor 𝑆#$∗  = traceless strain rate tensor 
1Aerospace Engineer, Inlets and Nozzles Branch, 21000 Brookpark Rd, AIAA Senior member  
https://ntrs.nasa.gov/search.jsp?R=20190004943 2019-08-30T20:13:02+00:00Z
 
 2 
 
t = time 
u = velocity component in the x-direction 
U = local mean streamwise velocity ∆𝑢"  = freestream velocity difference, ∆𝑢" = 	𝑢", −	𝑢"> 𝑢# = velocity component  𝑊#$ = rotation tensor 
x =  spatial coordinate in the streamwise or axial direction  𝑥# = Cartesian coordinates 
y = spatial coordinate in the vertical or wall-normal direction 𝛼 = coefficient of ω production for Wilcox RSM 𝛼B = closure coefficient for Wilcox RSM 𝛼C = coefficient of ω production for SSG/LRR RSM 𝛽 = coefficient of ω destruction for Wilcox RSM 𝛽(  = closure coefficient for Wilcox RSM 𝛽E = closure coefficient for Wilcox RSM 𝛽C = coefficient of ω destruction for Wilcox RSM 𝛾B = closure coefficient for Wilcox RSM 𝛿#$ = Kronecker delta 𝜀#$ = turbulent dissipation rate 𝜁 = argument to 𝐹, blending function  𝜇 = dynamic viscosity Π#$ = specific pressure-strain correlation tensor 𝜌 = density 𝜎 = coefficient of ω diffusion for Wilcox RSM 𝜎∗ = closure coefficient for Wilcox RSM 𝜎N = coefficient of cross-diffusion for SSG/LRR RSM 𝜎C = coefficient of ω diffusion for SSG/LRR RSM 𝜏#$ = viscous stress tensor 𝜙(R) = coefficient of 𝜀 equation 𝜙(C) = coefficient of 𝜔 equation 𝜔 = specific dissipation rate 
 
Accents 𝜙UU = fluctuating component, 𝜙UU = 𝜙 − 𝜙.  𝜙V = Reynolds averaged component, 𝜙V = limZ4→\ ,Z4 ∫ 𝜙𝑑𝑡4`aZ44`  𝜙. = Favre averaged component, 𝜙. = ,bc limZ4→\ ,Z4 ∫ 𝜌𝜙𝑑𝑡4`aZ44`  
 
Subscripts 
T  = turbulent 
t = total 
0 = stagnation condition ∞ = freestream condition  
1.0   Introduction 
For aerospace propulsion flows, the most common practice in computational fluid dynamics (CFD) 
analyses is to use Reynolds-averaged Navier-Stokes (RANS) codes with one- and two-equation turbulence 
models.  Current turbulence models predict steady, fully turbulent attached flows at all speed regimes 
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reasonably well, but are still unable to reliably predict jet mixing flows.  Large-eddy simulation (LES) and 
direct-numerical simulation (DNS) methods are being used for some applications, however they require 
very fine grids for wall bounded flows and shear layers and at high Reynolds numbers, and therefore will 
not be practical for many years [1] [2]. Hybrid RANS/LES methods are increasingly common for certain 
classes of simulations, although techniques to combine the near-wall RANS region with the outer, large-
eddy simulation region need further development [1].   
For aircraft exhaust nozzles, RANS solvers have been used heavily and have been successful at 
calculating performance quantities such as thrust, but have had less success at calculating the correct mixing 
and turbulent structures in the jet plume.  Reduction of noise produced by jets is a major focus of the 
aerospace industry, and to contribute to noise reduction efforts, CFD calculations must be able to correctly 
calculate the turbulence quantities needed as input to acoustic solvers. 
RANS will be used for a significant portion of CFD analyses for the foreseeable future, due to the 
limitations in computational power required for LES and related techniques. [1] Traditional RANS linear 
and nonlinear one- and two-equation turbulence models are frequently used.  The Spalart-Allmaras (SA) 
[3] and Menter Shear-Stress Transport (SST) [4] formulations are linear models which incorporate the 
Boussinesq approximation to give the Reynolds shear stress tensor in terms of the mean strain rate tensor 
and the eddy viscosity. [5]  Nonlinear models incorporate additional higher-order terms that are functions 
of the mean strain and rotation rate tensors.  An alternative to these approaches is to use a more advanced 
form of RANS turbulence modeling, where the individual transport equations for each of the Reynolds 
stresses are solved, allowing for a more detailed representation of the flow physics.  These models are 
known as full second-moment Reynolds Stress Models (RSMs). 
This paper describes a study using the FUN3D unstructured CFD code to evaluate two RSMs for flow 
through an axisymmetric nozzle at three conditions.  The two RSMs evaluated are the combined Speziale-
Sarkar-Gatski/Launder-Reece-Rodi (SSG/LRR) RSM [6] and the Wilcox RSM [5].  This study continues 
the work of Ref. [7], which examined the performance of the RSMs for shock-boundary layer interactions 
and mixing flows and was performed in support of the NASA Revolutionary Computational Aerosciences 
(RCA) technical challenge to: “Identify and down-select critical turbulence, transition, and numerical 
method technologies for 40% reduction in predictive error against standard test cases for turbulent 
separated flows, evolution of free shear flows and shock-boundary layer interactions on state-of-the-art 
high performance computing hardware.” [1].  The current study examines axisymmetric nozzle flows 
which are part of a consensus data set compiled by Bridges and Wernet [8] for the acoustic reference nozzle 
(ARN) and are also designated as RCA challenge cases.  The three flow conditions examined are: set point 
(SP) 3 at acoustic Mach number 0.5 unheated, SP 23 at acoustic Mach number 0.5 heated, and SP7 at 
acoustic Mach number 0.9 unheated.  Results were compared with the SA and SST-V models, and with 
experimental data. 
2.0     The FUN3D Code 
The FUN3D [9] code was used for the computations described herein.   It was developed by researchers 
at the NASA Langley Research Center and solves the RANS equations using a node-centered, unstructured 
implicit solver, finite-volume discretization and is formally second-order accurate in space.  Explicit terms 
are calculated using Roe’s flux difference splitting, however other methods are available.  More information 
about FUN3D can be found at fun3d.larc.nasa.gov and in Ref. [9].  Note that at the time of this study, the 
full Reynolds stress models in FUN3D cannot be used for periodic grids whose side planes are rotated 
through a small angle.  Instead, it requires 90-degree grids with both axes aligned with one of the constant 
x-, y- and z-coordinate surfaces. For the SA and SST-V models, small-angle periodic boundary conditions 
are available, so grids one-cell wide in the circumferential direction were used. 
 The Roe second order upwind scheme was used for the calculations. All cases were first run in steady 
state mode, but if convergence could not be reached, they were run using a second-order optimized time-
accurate method, as noted. 
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3.0     The Turbulence Models 
The full RSM turbulence models evaluated in this work are the combined Speziale-Sarkar-
Gatski/Launder-Reece-Rodi (SSG/LRR) RSM and the Wilcox RSM.  The more standard Spalart-Allmaras 
(SA) one-equation model [3] and the Menter shear stress transport (SST-V) two-equation model [4] were 
also used for comparison with the RSMs.  Note that the “SST-V” model is the particular form of the SST 
model that uses vorticity for the turbulent production source term.  Details about all of these models are 
available on the Turbulence Modeling Resource (TMR) website, turbmodels.larc.nasa.gov [10]. The SA 
and SST-V models use the Boussinesq approximation, 
 
  
 ?̅?𝜏#$ = 2𝜇g h𝑆i#$ − 13 𝑆ill𝛿#$m − 23𝜌𝑘𝛿#$ (1) 
 
a constitutive relation, to compute the turbulent stress tensor, 𝜏#$,  defined below as, 	
 𝜏#$ ≝ −𝑢#′′𝑢$′′ (2) 
 
On the other hand, the RSMs solve transport equations for each of the six unique Reynolds stresses. A 
seventh equation is required to determine the turbulent length scale variable. 
The SSG/LRR full Reynolds stress model, as described on the TMR website, and in Refs. [6] and [11], 
was developed under the European Union project FLOMANIA and consists of the six equations of the 
Reynolds stress transport equations, plus Menter’s baseline ω equation for the length scale.  The Reynolds-
stress transport equation is given by Equation (3).  		
 
𝜕(?̅?𝜏#$)𝜕𝑡 + 𝜕r?̅?𝜏#$𝑢"ls𝜕𝑥l = −?̅?𝑃#$ − ?̅?Π#$ + ?̅?𝜀#$ − ?̅?𝐷#$ − ?̅?ℳ#$ (3) 
 
The pressure-strain model, given by Equation (4), blends the Speziale-Sarkar-Gatski model with the Launder-
Reece-Rodi model near the wall, as defined in Refs. [6, 10].  	
 
Π#$ 		= 	− t𝐶,𝜀 + ,> 𝐶,∗𝑃llu 𝑎"#$ + 𝐶>𝜀 t𝑎"#l𝑎"l$ − ,v 𝑎"lw𝑎"lw𝛿#$u + r𝐶v − 𝐶v∗x𝑎"lw𝑎"lws𝑘.𝑆i#$∗ 	+	𝐶y𝑘. t𝑎"#l𝑆i$l + 𝑎"$l𝑆i#l − >v 𝑎"lw𝑆ilw𝛿#$u + 𝐶z𝑘.r𝑎"#l𝑊{$l + 𝑎"$l𝑊{#ls    (4) 
 
The remaining terms in Equation (3) are given below. 
 	
 
 𝑃#$ = 𝜏#l 𝜕𝑢"$𝜕𝑥l + 𝜏$l 𝜕𝑢"#𝜕𝑥l Production  (5) 	
 𝜌𝜀#$ = 23𝜌𝛿#$𝜀 Dissipation (6) 
 
 𝑎"#$ = −𝜏#$𝑘. − 23𝛿#$ Aniosotropy Tensor (7) 	
 𝑆i#$ = 12|𝜕𝑢"#𝜕𝑥$ + 𝜕𝑢"$𝜕𝑥#} Strain Rate Tensor (8) 
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 𝑆i#$∗ = 𝑆i#$ − 13 𝑆ill𝛿#$ Traceless Strain Rate Tensor (9) 	
 𝑊{#$ = 12|𝜕𝑢"#𝜕𝑥$ − 𝜕𝑢"$𝜕𝑥#} Averaged Rotation Tensor (10) 	
 𝜌𝐷#$ = − 𝜕𝜕𝑥l ~|?̅?𝛿lw − 𝐷 𝜌𝜏lw𝑘.𝜀 } 𝜕r𝜏#$s𝜕𝑥w  Diffusion      (11) 
 
The turbulent mass flux term, ℳ#$, is assumed to be negligible. 
 
A length scale equation is required to close the system.  The SSG/LRR model uses Menter’s baseline  
ω-equation which blends an ω equation near the wall with an ε equation in the outer boundary layer.  	
 (bcC)4 + (bcC) = 𝛼C Cl. bc> − 𝛽C?̅?𝜔> +  t?̅? + 𝜎C bcl.C u C + 𝜎N bcC𝑚𝑎𝑥 t l. C , 0u  (12) 
 
The isotropic dissipation rate is defined as  	
 𝜀 = 𝐶)𝑘.	𝜔 (13) 
 
with 𝐶) = 0.09.	 The equations used for blending the coefficients 𝜙 = 	𝛼C,𝛽C, 𝜎C,𝜎N	 are given below.   	
 𝜙 = 𝐹,𝜙(C) + (1 − 𝐹,)𝜙(R) (14) 	
 𝐹, = tanh(𝜁y) (15) 	
 𝜁 = 𝑚𝑖𝑛 ⎣⎢⎢
⎡𝑚𝑎𝑥 x𝑘.𝐶)𝜔𝑑 , 500𝜇?̅?𝜔𝑑> , 4𝜎C(R)?̅?𝑘.𝜎N(R) ?̅?𝜔𝑚𝑎𝑥 h 𝜕𝑘.𝜕𝑥l 𝜕𝜔𝜕𝑥l , 0m 𝑑>⎦⎥⎥
⎤
  (16) 
 
 
where d is the distance to the nearest wall.  The pressure-strain coefficients are blended between Launder-
Reece-Rodi (LRR) [12] near walls (without wall-correction terms) and Speziale-Sarkar-Gatski (SSG) [13] 
away from walls.  The coefficients are given in Table 1. 
 TABLE	1.—COEFFICIENTS	FOR	THE	SSG/LRR	FULL	REYNOLDS	STRESS	TURBULENCE	MODEL	
  𝛼C 𝛽C  𝜎C 𝜎N 𝐶, 𝐶,∗ 𝐶> 𝐶v 𝐶v∗ 𝐶y 𝐶z D 
LRR
(ω) 
0.5556 0.075 0.5 0 1.8 0 0 0.8 0 (9𝐶>°±± + 6)11  (−7𝐶>°±±10)11  0.75𝐶) 
SSG
(ε) 
0.44 0.0828 0.856 1.712 1.7 0.9 1.05 0.8 0.65 0.625 0.2 0.22 
 
The diffusion term given in Equation   (11), above, is a generalized gradient diffusion model [14].  In 
the FUN3D input file, the SSG/LRR RSM is specified as “SSG/LRR-RSM-w2012.”  There is also a version 
of the SSG/LRR RSM which uses a simple diffusion model [15] and is specified as “SSG/LRR-RSM-
w2012-SD” in the input file. In this model, the diffusion term is modeled as given in Equation (17) 
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 𝜌𝐷#$ = − 𝜕𝜕𝑥l ~|?̅? − 𝐷𝐶) 𝜇g} 𝜕r𝜏#$s𝜕𝑥l  Simple Diffusion (17)  
 
with: 
 𝐷 = 0.5𝐶)𝐹, +	23 0.22(1 − 𝐹,) (18) 
 
In this paper, the simple diffusion model, which tends to be more stable, was used.  In addition, the 
correct implementation of the SSG/LRR RSM in FUN3D was verified by comparisons with results from 
two independently developed flow solvers on a sequence of successively refined grids.  Results give a high 
level of confidence that the model is implemented correctly. [16] 
The Wilcox RSM as described on the TMR website and in Ref. [5] also solves the six equations for the 
Reynolds stress tensor and an omega equation for the specific dissipation rate, ω. The Reynolds stress 
equation is given by Equation (19).  
 𝜕(?̅?𝜏#$)𝜕𝑡 + 𝜕r?̅?𝜏#$𝑢"ls𝜕𝑥l = −?̅?𝑃#$ − ?̅?Π#$ + 23𝛽∗?̅?ω𝑘𝛿#,$ +	 ∂∂𝑥l ~(?̅? + 𝜎∗) ∂𝜏#$∂𝑥l (19) 
 
The specific dissipation rate is given by Equation (20). 	
 
𝜕?̅?𝜔𝜕𝑡 + 𝜕(𝜌𝜔𝑢"$)𝜕𝑥$ = 𝛼 ?̅?𝜔𝑘 𝜏#$ 𝜕𝑢"#𝜕𝑥$ − 𝛽?̅?𝜔> + 𝜎N ?̅?𝜔 𝜕𝑘𝜕𝑥$ 𝜕𝜔𝜕𝑥$ + ∂∂𝑥l ¶(?̅? + 𝜎𝜇g) 𝜕𝜔𝜕𝑥l· (20) 
 
The pressure strain correlation is given by: 
 
 𝛱#$ 		= 	 𝛽∗𝐶(,𝜔 h𝜏#$ + 23𝑘𝛿#$m − 𝛼B h𝑃#$ − 23𝑃𝛿#$m − 𝛽( h𝐷#$ − 23𝑃𝛿#$m − 𝛾B𝑘 h𝑆#$ − 13 𝑆ll𝛿#$m	 (21) 
 
with, 
 
 𝑃 = 12𝑃ll 𝜇g = ?̅?𝑘 𝜔⁄  𝐷#$ = 𝜏#l 𝜕𝑢"l𝜕𝑥$ + 𝜏$l 𝜕𝑢"l𝜕𝑥#   (22) 
 
The production, 𝑃#$, given by Equation (5), the simple strain rate tensor, 𝑆#$, given by Equation (8), and 
the averaged rotation tensor, 𝑊{#$, given by Equation (10), are used in both the SSG/LRR and Wilcox RSMs.  
The closure coefficients for Equation (21) are given in TABLE 2, and in Equations (23) and (24), below. 	TABLE	2.	—	CLOSURE	COEEFICIENTS	FOR	THE	WILCOX	FULL	REYNOLDS-STRESS	TURBULENCE	MODEL	𝛼B 𝛽(  𝛾B 𝐶(, 𝐶(> 𝛼 𝛽 𝛽∗ 𝜎 𝜎∗ 𝛽E (8 + 𝐶>) 11⁄  (8 − 𝐶>) 11⁄  (60𝐶> − 4) 55⁄  95 1019 1325 𝛽E𝑓¾ 9100 0.5 0.6 0.0708 
 	
 𝜎N = ⎩⎪⎨
⎪⎧0, 𝜕𝑘𝜕𝑥$ 𝜕𝜔𝜕𝑥$ ≤ 018 , 𝜕𝑘𝜕𝑥$ 𝜕𝜔𝜕𝑥$ > 0 (23) 
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 	𝑓¾ = 1 + 85ΧC1 + 100ΧC ΧC = Æ𝑊#$𝑊$l𝑆(l#(𝛽∗𝜔)v Æ 𝑆(l# = 𝑆l# − 12𝜕𝑢VÇ𝜕𝑥Ç 𝛿l,# (24) 
 
 
4.0     Experimental Configuration 
A consensus data set for a range of axisymmetric jet flows was created by Bridges and Wernet at the 
NASA Glenn Research Center. [8] It is a compilation of data from 15 sources of particle image velocimetry 
(PIV) testing in the Small Hot Jet Acoustic test Rig (SHJAR) from 2001 through 2007. The data contains 
mean and variance data for seven sets of defined flow conditions, or “set points” (SP).  Of those, three set 
points were evaluated in this study and are given in TABLE 3.  They consisted of an unheated jet with 
acoustic Mach number Ma = 0.5 (SP 3), a heated jet with Ma = 0.5 (SP 23), and an unheated jet with Ma = 
0.9 (SP 7), where the acoustic Mach number is defined as 𝑀0 = 𝑢$34 𝑎¥⁄ . In each experiment, air is passed 
through an axisymmetric convergent nozzle to produce a desired jet Mach number (𝑀$34 = 𝑢$34 𝑎$34⁄ ) 
exiting into quiescent air at P¥ = 14.366 psi, T¥ = 515.7 R.  The nozzle is referred to as acoustic research 
nozzle 2 (ARN2), and has an inlet diameter of 6.0 inches, a lip thickness of 0.05 inches, an outside face 
angle of 30 degrees to the jet axis, a parallel flow section at the exit of 0.25 inches and a nozzle exit diameter 
of 2.0 inches.  A schematic of ARN2 installed in the SHJAR is shown in Figure 1. 
 TABLE	3.—DEFINITION	OF	TEST	CONDITIONS	
Set Point Ma Tjet/T¥	 NPR Mjet Tt/ T¥ 
3 0.500 0.95 1.197 0.513 1.000 
23 0.500 1.764 1.102 0.376 1.814 
7 0.900 0.835 1.861 0.985 1.000 
 
 
Figure 1.—SHJAR nozzle system with Acoustic Research Nozzle 2 (ARN2) attached. [8] 
 
5.0   CFD Methodology 
These three axisymmetric jet flow cases are described on the TMR website [10], where results are 
shown for computations made using the SA and SST-V models and two CFD codes, Wind-US [17] [18] 
and CFL3D [19].  For the current study, the FUN3D (version 12.9) [9] code was used with the SSG/LRR 
and Wilcox RSMs, as well as SA and SST-V models. (The FUN3D results computed using the SA and 
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SST-V turbulence models are in good agreement with the Wind-US and CFL3D results, verifying correct 
setup and usage of FUN3D.)  The initial and boundary conditions were set up to match those on the TMR. 
The flow external to the nozzle was set to M¥  = 0.01, since quiescent air is often difficult to compute with 
CFD. The external nozzle flow conditions, using this freestream Mach number, were also used as the 
“reference” conditions in the FUN3D input file, with reference Reynolds number equal to 5601 (based on 
the nozzle radius of 1 inch), and reference temperature equal to 530 degrees R. For the boundary conditions, 
at the jet inflow, the nozzle pressure ratio (NPR), pt/p¥,, and the temperature ratio Tt/T¥ were specified as 
in TABLE 3 for each of the set point conditions.  The nozzle walls had adiabatic viscous boundary 
conditions and the freestream static pressure was specified at the far downstream boundary.  A far-field 
condition was used at the outermost radial surface boundary and symmetry conditions were used at the 
symmetry planes on the constant-theta boundaries.   
A series of grids was available on the TMR website, each coarse grid was created by removing every 
other grid point from the next finest grid.  The grids contained 3 zones each as shown in Figure 2 and Table 
4. To convert these grids to FUN3D-compatible format, Pointwise [20] was used, resulting in a single zone 
grid.  For computations using the eddy viscosity models, the grids were one-cell deep spanning 
approximately 1 degree in the theta direction. For the calculations using the RSMs, a 90 degree sector grid 
was required, since small angle periodic boundary conditions were not available for the RSMs.  To generate 
this grid, the axisymmetric grid was extruded 90 degrees in the theta direction at 5-degree increments for a 
total of 19 grid points.   Grid resolution was examined for the set point 3 flow conditions using FUN3D 
with the SA and SST-V turbulence models.  The solution did not show appreciable changes when using 
Grid 129 and Grid 257, so Grid 129 was used for the remainder of the computations. Attempts were made 
to use Grid 257 with the RSMs, but a steady solution was not achieved, nor were converged time-accurate 
solutions. 
 TABLE	4.—AXISYMMETRIC	JET,	GRID	STUDY	
Name Upstream External 
Region 
Internal Nozzle Region Jet Mixing Region 
Grid 65 25x25 16x25 65x57 
Grid 129 49x49 31x49 129x113 
Grid 257 97x97 61x97 257x225 
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Figure 2.—Grid shown at the second from the finest level (grid 129). 
 
Turbulent flow exiting a jet is naturally unstable, making these calculations somewhat challenging to  
perform with nearly quiescent ambient conditions.  For all cases, we attempted to obtain a steady converged 
solution, where convergence was achieved when the flow residuals had dropped significantly and the flow 
properties of interest were not changing after continued iterations.  Set point 7, which had unheated, nearly 
sonic flow, was the easiest to run in terms of convergence and stability. Steady solutions were obtained for 
set point 7 using all four turbulence models. The SA model was the most robust turbulence model, and 
steady solutions were obtained for all three sets of flow conditions.  A steady solution was also obtained 
for set point 3 using the SSG/LRR RSM.  For remaining calculations, convergence was not achieved using 
a steady state (constant CFL number) calculation, so an optimized second order backward differencing 
time-accurate method [21] was used. Solutions were allowed to run several hundred flow-through cycles to 
ensure the flowfield was established. The solutions run using the RSMs required more iterations for the 
flow to set up as well.  They also required more computational time per iteration than the eddy viscosity 
models, since more equations were being solved and more grid points were used on the 90-degree grid, as 
well as more overall iterations to reach a converged or quasi-steady solution. 
For the majority of the runs, an inviscid flux limiting scheme was used to help the solutions converge, 
or to improve the convergence.  The limiter used was the Van Albada inviscid flux limiter with a heuristic 
pressure limiter [22], and the limiter value was frozen after 30,000 time steps.  For cases using both a RSM 
and the flux limiter, the radial y-velocity profiles at stations near the jet exit had unexpectedly high values 
near the centerline.  It was discovered that turning off the flux limiter allowed v-velocity profiles to return 
to the expected behavior, although the solutions would not converge without the limiter for the following 
three cases:  SP 3 with the Wilcox RSM and SP 23 using both RSMs.  It was suggested [23] that using the 
newer version of FUN3D, v13.2 [24], which has a nonreflecting outflow pressure boundary condition, may 
allow the solutions to converge without a limiter.  This proved true for set SP 7, however the limiter was 
still required to achieve a converged solution for SP 3 with the Wilcox RSM and for SP 23 with both RSMs, 
despite the non-reflective outflow condition.  The y-velocity profiles reflect this effect. (See Figure 5 and 
Figure 10.) The limiter did not adversely affect the radial profiles of the cases run using the SA and SST-V 
models, nor did it cause any noticeable changes to any of the flow quantities plotted. These changes to the 
y-velocity profiles when using the limiter with the RSMs may indicate that the flux limiter interacts with 
the RSM boundary conditions, however the exact cause of the problem has not been identified at the time 
of publication. 
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6.0   Results 
The results are given in Figure 3 through Figure 17 below and include centerline profiles of velocity 
and turbulent kinetic energy, and radial profiles at 5 locations downstream of the jet exit for streamwise 
and radial velocity, streamwise and radial turbulence intensity, turbulent shear stress and turbulent kinetic 
energy.     
 
6.1 Set Point 3 (Subsonic, Unheated Jet Flow) 
Results for set point 3, the subsonic, unheated case, are shown in Figure 3 to Figure 7.  The mean x-
velocity along the centerline is given in Figure 3, indicating that the length of the potential core (defined as 
the location where the centerline velocity is 98% of the jet exit value) in the experiment was 6.2 jet 
diameters.  All of the turbulence models over-predicted the potential core length, with the SA model in 
closest agreement with experiment, predicting a potential core of 6.5 jet diameters, followed by the 
SSG/LRR RSM with 7.3 diameters.  The SST-V model over-predicts the potential core length to be 8.5 jet 
diameters and the Wilcox RSM significantly over-predicts the core to be 11.7 jet diameters. The SSG/LRR 
RSM has the best mixing rate downstream of the potential core, whereas the Wilcox RSM has the worst 
agreement and is significantly under-mixed.  The two eddy viscosity models show too much mixing 
downstream of the potential core, resulting in lower values of the centerline velocity downstream.  Overall, 
the SSG/LRR RSM gave the best prediction of the centerline velocity and the Wilcox RSM gave the worst. 
 
  
Figure 3.—Set point 3.  Centerline profiles of axial velocity (left) and turbulent kinetic energy (right). 
 
The turbulent kinetic energy, k, on the centerline is given in Figure 3.  For the SA model, k is 
approximated using Bradshaw’s formula, where 𝑘 = 𝜇gx2𝑆#$𝑆#$/(0.31𝜌).  For all of the turbulence 
models, there is significant variance from the experiment.  The general profile shape resembles the 
experimental profile, although the values begin to increase from zero just before the end of the potential 
core.  In the experiment, however, the values begin to increase at the nozzle exit (x/Djet = 0), before 
significant mixing begins.  It has been hypothesized that a large portion of what has been measured as 
turbulence near x/Djet = 0 may be oscillations in the velocity near the centerline that are more a result of the 
inviscid stream tube changing size due to turbulence at the shear layer edge.[25]  RANS calculations are 
unable to compute fluctuations in the inviscid core and the turbulence models can only produce and sustain 
turbulence in regions containing mean velocity shear, which is not present in this region.  In terms of the 
peak value of turbulent kinetic energy, the SST-V model is in closest agreement with the experiment, over-
predicting it by 22%.  The Wilcox RSM under-predicts the peak value by 25%, The SSG/LRR RSM over-
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predicts the peak value by 44% and the SA model under-predicts the peak value by 54%.  The axial locations 
of the peak turbulent kinetic energy are all close to the experiment, with the exception of the Wilcox RSM, 
which has peak value about 5 jet exit diameters downstream of the experimental peak location.  The end of 
the potential core is near the location of the onset of the rise of the turbulent kinetic energy, other than that, 
there are no obvious relationships between the two quantities in terms of agreement with the experimental 
data. 
Radial velocity profiles at 𝑥 𝐷$34 = 2. , 5. , 10. , 15. , and	20⁄  are given in Figure 4.  Near the jet exit, the 
Wilcox RSM result shows a slightly thicker potential core, as indicated by the jet velocity beginning to mix 
with the ambient air at a slightly greater distance from the centerline.  Beginning at x/Djet = 10, and further 
downstream, the SA result shows slightly more decay of the jet near the centerline, and the Wilcox RSM 
shows less decay.  At x/Djet = 15. and 20., the SST-V model result also shows too much decay near the 
centerline.  The SSG/LRR result is in good agreement with the experimental x-velocity profiles at all axial 
stations examined.  The radial y-velocity profiles are shown in Figure 5.  With the exception of the Wilcox 
RSM, all of the turbulence model results are in similar agreement with the experimental data in the potential 
core and shear layer. (Recall from section 5.0 that a flux limiter was required to achieve a converged 
solution for the Wilcox RSM, and it was learned that the limiter adversely effects the transverse velocity 
profiles.) Outside of the shear layer, the SSG/LRR RSM is in best agreement with ambient region.  Radial 
profiles of the turbulent kinetic energy are given in Figure 6.  Near the jet exit at x/Djet = 2., all of the 
turbulence model results have profile shapes similar to the data, as expected, with the Wilcox RSM peak 
value closest to the experiment, however, the potential core is thicker and the shear layer is thinner than the 
data and the other turbulence model results. The SA model computes the highest peak k value in the 
potential core at x/Djet = 2., and the SST-V and SSG/LRR models have similar peak values and profiles at 
x/Djet = 2., 5. and 10.  Further downstream, the SST-V model is in best agreement with the experiment. 
 
 
Figure 4.— Set point 3.  Radial x-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 1.0) 
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Figure 5.— Set point 3.  Radial y-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 0.04) 
 
 	
	
Figure 6.—Set point 3.  Radial profiles of turbulent kinetic energy.  (Subsequent profiles shifted by k/Ujet2 = 
0.03) 
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Radial profiles of the components of the turbulent stress are given in Figure 7.  For the SA and SST-V 
models, 𝑢′𝑢′, 𝑣′𝑣′, and 𝑢′𝑣′ are computed using the Boussinesq approximation (Equation (1)) with 
Bradshaw’s approximation used for k in the SA model results. At stations closer to the jet exit, the Wilcox 
model results exhibit a slightly thicker potential core.  For the 𝑢′𝑢′ stress component, at x/Djet = 2., all of 
the models agree reasonably well with the data in terms of peak values and general profile shape. At x/Djet 
= 5., 10., 15., and 20., the SSG/LRR RSM is in the worst agreement with the experiment, predicting high 
values. The SST-V results are in the best agreement with data, which is fortuitous, and should not be the 
case, since the SST-V model assumes isotropic turbulence (𝑢′𝑢′=𝑣′𝑣′=𝑤′𝑤′). For the 𝑣′𝑣′ component of 
turbulent stress, the SSG/LRR RSM is in good agreement with the data at all axial stations, and the Wilcox 
RSM is in reasonably close agreement.  The eddy viscosity models predict high values for 𝑣′𝑣′ at the 
upstream stations, and SST-V agrees well with the data at x/Djet = 20.  For the 𝑢′𝑣′ turbulent shear stress, 
near the jet exit, the Wilcox RSM is in closest agreement with the experimental data, even though it has the 
worst overall mixing (Figure 3), which is tied to 𝑢′𝑣′. The SA, SST-V and SSG/LRR RSM results are 
similar, predicting similar profile shapes, but higher peak values.  The Wilcox RSM shows a thicker 
potential core at x/Djet = 5., and also at x/Djet =10., with values near the centerline still higher than the 
experiment at x/Djet = 15 and 20.  The other models have turbulent shear stress profile shapes similar to the 
data at x/Djet = 20. 
Overall, using the SSG/LRR RSM may have advantages over the eddy viscosity models.  The 
SSG/LRR RSM did well at predicting the centerline velocity profile and potential core length.  It also did 
well at predicting the radial components of velocity and shear stress in the potential core.  The Wilcox RSM 
results should be viewed with caution, since a limiter was required to reach a converged solution, and it has 
been found that the using a limiter effects the boundary conditions, gives suspect y-velocity profiles, and 
most likely effects the other flow quantities.  The Wilcox RSM gave poor predictions of the jet mixing. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 14 
 
(Subsequent profiles shifted by u’u’/Ujet2 = 0.04) 
	
(Subsequent profiles shifted by v’v’/Ujet2 = 0.04) 
	
(Subsequent profiles shifted by u’v’/Ujet2 = 0.01) 
Figure 7.—Set point 3.  Radial profiles of the turbulent stress components, 𝑢′𝑢′, 𝑣′𝑣′, and 𝑢′𝑣′. 
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6.2 Set Point 23 (Subsonic, Heated Jet Flow) 
Set point 23 results are given in Figure 8 to Figure 12.  The mean x-velocity along the centerline is 
given in Figure 8.  The profiles are somewhat similar to those for SP 3, although heating the incompressible 
jet has shortened the potential core slightly, reduced its diameter, and increased the mixing rate.  In the 
experiment, the inviscid core length is 4.9 jet exit diameters long and is 21% (1.3 diameters) shorter than 
the unheated result.  The SA model and the SSG/LRR RSM predict potential core lengths in closest 
agreement with the experiment, and although none of the linear models replicate the trend with heating, the 
RSMs are better at capturing the “shortening” trend.  The SA model and the SSG/LRR RSM results give 
potential core lengths of 5.8 and 6.0 diameters, respectively, and have decreased in length from the unheated 
case by 10% and 18%, respectively. The SST-V and Wilcox RSM both predict noticeably longer potential 
core lengths of 7.3 and 9.5 diameters, respectively, and have decreased from the unheated case by 10% and 
19%, respectively.  As in the unheated case, the SA model over-mixes the flow and the Wilcox RSM under-
mixes it.  The SSG/LRR RSM provides good agreement with data for overall mixing, however, unlike the 
SP 3 result, the SST-V model also fortuitously does well mixing the downstream flow.  The turbulent 
kinetic energy along the centerline is also shown in Figure 8.  Compared to the unheated case (kpeak/Ujet2 = 
0.0173), the experimental peak value is slightly higher (kpeak/Ujet2 = 0.022) and 2.75 diameters closer to the 
jet exit at x/Djet = 7.95.  The SST-V result is in closest agreement with the experimental peak value and 
overall profile shape; the location of the peak value has moved upstream significantly by 1.6 diameters, 
although the peak value has changed negligibly from the unheated case.  The SA result is similar to the 
unheated case, and the peak value and location have negligible changes from the SP 3 values.  The 
SSG/LRR and Wilcox RSM peak values have increased and shifted upstream slightly, exhibiting similar 
trends as the experimental data, and the SSG/LRR RSM peak k value is also in better agreement with the 
data than for the SP3 result. 
 
  
Figure 8.—Set point 23.  Centerline profiles of axial velocity (left) and turbulent kinetic energy (right). 
 
Radial profiles of the velocity components and the turbulent kinetic energy are given in Figure 9 to 
Figure 11. In the x-velocity profiles of Figure 9, the profiles are similar to those of SP 3.  The behavior of 
the turbulence models appears very similar to set point 3.  In the y-velocity profiles of Figure 10, the eddy 
viscosity models are in reasonably good agreement with the experiment, as in set point 3, however the 
RSMs are both in poor agreement near the jet exit, and the Wilcox RSM result continues to disagree with 
the data to station x/Djet = 15.  Recall that for this case, solutions using both RSMs required a flux limiter 
to achieve a converged solution, and it was found that this also effects the y-velocity.  For the radial k-
profiles shown in Figure 11, the turbulence model behavior is very similar to the set point 3 results. 
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Figure 9.— Set point 23.  Radial x-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 1.0) 
 
 
 
Figure 10.— Set point 23.  Radial y-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 0.04) 
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Figure 11.—Set point 23.  Radial profiles of turbulent kinetic energy.  (Subsequent profiles shifted by k/Ujet2 
= 0.03) 	
Radial profiles of the components of the turbulent stresses are given in Figure 12.  In general, the 
potential core is smaller in diameter than the SP 3 flow at similar axial stations, with slightly higher peak 
values, because of the more rapid mixing.  Overall the performance of the turbulence models is similar to 
that exhibited in the SP 3 results. 
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Figure 12.—Set point 23.  Radial profiles of the turbulent stress components, 𝑢′𝑢′, 𝑣′𝑣′, and 𝑢′𝑣′. 
 
(Subsequent profiles shifted by u’u’/Ujet2 = 0.04) 
 
(Subsequent profiles shifted by v’v’/Ujet2 = 0.04) 
	
(Subsequent profiles shifted by u’v’/Ujet2 = 0.01)	
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6.3 Set Point 7(Near-sonic, Unheated Jet Flow) 
Set point 7 results are given in Figure 13 to Figure 17.  The mean x-velocity along the centerline is 
shown in Figure 13.  The profiles are somewhat similar to those for SP 3 (unheated, subsonic flow), 
although the potential core is slightly longer in length, due to compressibility.  In the experiment, the 
inviscid core length is 7.8 jet diameters and is 1.6 diameters longer than the subsonic unheated case. The 
SSG/LRR RSM predicts the potential core length to be 7.2 jet diameters and is in the closest agreement 
with the data. The SA model under-predicts the core length to be 6.7 diameters, and the SST-V and Wilcox 
RSM results give potential core lengths of 9.1 and 11.9 diameters, respectively. The SA, SST-V and 
SSG/LRR RSM all indicate faster mixing than observed in the experiment, with the SSG/LRR RSM in 
overall best agreement with the data. The Wilcox RSM under-predicts the mixing. The turbulent kinetic 
energy along the centerline is also shown in Figure 8.  The experimental peak value of k increased slightly 
from the set point 3 value of kpeak/Ujet2 = 0.017 to kpeak/Ujet2 = 0.018, and the location of the peak value 
moved 2.3 jet diameters further downstream. The SST-V result is in closest agreement with the 
experimental peak value and the location of the peak value moved downstream slightly, although it is still 
approximately 2 jet diameters upstream of the experiment.  The SA result is similar to the subsonic, 
unheated case.  The Wilcox, and SSG/LRR RSM peak values are nearly the same as those for SP 3, and the 
location of the peaks only moved less than one half of a jet diameter downstream of the SP 3 values.  It 
should be noted that none of the RANS approaches used any kind of compressibility correction, which are 
empirically designed to match the experimentally observed reduction in free shear layer mixing at higher 
speeds where compressibility is a factor. 
 
  
Figure 13.—Set point 7.  Centerline profiles of axial velocity (left) and turbulent kinetic energy (right). 
 
Radial profiles of the velocity components and the turbulent kinetic energy are given in Figure 14 to 
Figure 16. In the x-velocity profiles of Figure 14, the profiles are similar to those of SP 3, however near the 
jet exit, the potential core is slightly thicker.  The behavior of the turbulence models appears very similar 
to SP 3. In the y-velocity profiles of Figure 15, all of the turbulence model results are in reasonably good 
agreement with the experiment.  Recall that for this case, the solutions run using the RSMs did not require 
a limiter to reach convergence, so the problem with the limiter effecting the boundary conditions did not 
exhibit itself in the y-velocity profiles.  For the radial k-profiles shown in Figure 16, the turbulence model 
behavior is very similar to the SP 3 results. 
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Figure 14.— Set point 7.  Radial x-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 1.0) 
 
 
 
Figure 15.— Set point 7.  Radial y-velocity profiles.  (Subsequent profiles shifted by u/Ujet = 0.04) 
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Figure 16.—Set point 7.  Radial profiles of turbulent kinetic energy.  (Subsequent profiles shifted by k/Ujet2 
= 0.03) 
 
Radial profiles of the components of the turbulent stresses are given in Figure 17.  In general, the 
profiles are similar to set point 3 results with respect to shape and peak values.  Overall the performance of 
the SA, SST-V and SSG/LRR models is similar to that exhibited in the SP 3 results, and the Wilcox RSM 
results are in better agreement with the data near the jet exit, but not further downstream. 
Overall, this case was more robust to run, required fewer iterations, and did not require the use of a 
limiter to reach convergence.  The SSG/LRR RSM does the best job at predicting the potential core length 
and centerline mixing.  It also did well at predicting the transverse shear stress in the potential core. 
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Figure 17.—Set point 7.  Radial profiles of the turbulent shear stress components, 𝑢′𝑢′, 𝑣′𝑣′, and 𝑢′𝑣′. 
 
(Subsequent profiles shifted by u’u’/Ujet2 = 0.04) 
 
(Subsequent profiles shifted by v’v’/Ujet2 = 0.04) 
 
(Subsequent profiles shifted by u’v’/Ujet2 = 0.01) 
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7.0 Conclusion 
Two full second-moment Reynolds stress turbulence models available in the FUN3D code, the Wilcox 
and the SSG/LRR, were evaluated for axisymmetric jet flow at three conditions: subsonic unheated, 
subsonic heated, and near sonic unheated.  The Reynolds stress model results were compared with results 
from the commonly used SA and SST-V eddy viscosity models.  The flow quantities examined were 
centerline profiles of the axial velocity and turbulent kinetic energy, and radial profiles of the axial and 
radial velocity, turbulent kinetic energy and the 𝑢′𝑢′, 𝑣′𝑣′, and 𝑢′𝑣′ components of the turbulent shear stress.  
For the centerline axial velocity profile, the SSG/LRR RSM did well for all cases at predicting the potential 
core length and the downstream mixing.  The SA model also did well at predicting the potential core length, 
however it over-predicted the downstream mixing.  The SST-V and the Wilcox RSM over-predicted the 
potential core lengths in all cases, with the Wilcox RSM significantly over-predicting the core length and 
under-mixing the downstream flow.  Centerline profiles of turbulent kinetic energy exhibited significant 
scatter between the models, though the profiles predicted by the RSMs both showed similar trends to those 
of the experiment with the addition of heat to the subsonic nozzle; the peak turbulent kinetic energy 
increased slightly and the distance of the peak from the jet exit decreased. The turbulent kinetic energy 
centerline profiles predicted by the eddy viscosity models did not change from the unheated case.  The 
experiment showed that increasing the jet velocity from subsonic to near sonic caused the location of the 
peak turbulent kinetic energy to move downstream by 2 jet exit diameters compared to the subsonic 
unheated case, and the value increased slightly.  The SA model profile did not change appreciably from the 
unheated case, and the SST-V, SSG/LRR RSM and Wilcox-RSM had peak values which moved down 
significantly less than that of the experiment.  The radial profiles of velocity and turbulent stresses indicated 
that the RSMs showed more similarity to experiments.   
Of the turbulence models examined in this study, only the SSG/LRR RSM and the SST-V model would 
be recommended for future jet mixing computations.  The SA model would not typically be used because 
it tends to over-predict the mixing and it does not directly calculate the turbulent kinetic energy or turbulent 
stresses and therefore does not have the mechanisms to compute the details of the mixing.  The Wilcox 
RSM greatly over-predicted the potential core length for the three flow conditions examined in the study 
and therefore would not be a likely choice for future jet mixing computations. 
Overall, the SSG/LRR RSM is a viable choice for future jet mixing computations.  It showed benefits 
at predicting the jet potential core length and mixing, and the radial components of velocity and turbulence 
in the potential core. Since it computes all six components of the Reynolds stress, it provides a more 
accurate distribution of the turbulence quantities to be used for jet noise predictions than traditional eddy 
viscosity models, yet is a more a practical tool than current LES methods when a timely solution is needed. 
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